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We calculate the dispersion relations for magnon waves on a periodic chain of spherical or cylin-
drical Yttrium Iron Garnet (YIG) particles. We use the quasistatic approximation, appropriate
when kd 1, where k is the wave number and d the interparticle spacing. In this regime, because
of the magnetic dipole-dipole interaction between the localized magnetic excitations on neighboring
particles, dispersive magnon waves can propagate along the chain. The waves are analogous to
plasmonic waves generated by electric dipole-dipole interactions between plasmons on neighboring
metallic particles. The magnon waves can be longitudinal (L), transverse (T ), or elliptically polar-
ized. We find that a linearly polarized magnon wave undergoes a Faraday rotation as it propagates
along the chain. The amount of Faraday rotation can be tuned by varying the off-diagonal compo-
nent of the permeability tensor. We also discuss the possibility of wireless power transmission along
the chain using these coupled magnon waves.
PACS numbers: 78.67.Bf-Nanocrystals, nanoparticles, and nanoclusters 75.75.Jn-Dynamics of magnetic
nanoparticles 78.20.Ls-Magneto-optical effects
I. INTRODUCTION
There have recently been many proposals for ways to
induce energy propagation along a metallic nanoparticle
chain. Such propagation occurs in the form of travel-
ing waves, which are driven by electric dipole-dipole cou-
pling between localized plasmon modes on neighboring
nanoparticles1,2. The dispersion relations of such waves
have been calculated by several authors within the qua-
sistatic approximation1,3–5. This approximation, which
assumes that the dipole-dipole coupling is accurately de-
scribed by electrostatics, is believed accurate when the
spacing between particles is small compared to the wave-
length of light at a typical plasmon frequency. The re-
sulting propagating plasmonic waves have been observed
in recent experiments6,7. These calculations have also
been extended to included dynamical effects beyond the
quasistatic approximation8.
In the present paper, we investigate the analogous
problem of waves propagating along chains of magnetic
particles coupled via their magnetic dipole moments. We
consider particles of the well known magnetic insula-
tor Yttrium Iron Garnet (YIG). The magnetic dipole-
dipole interaction between localized magnetic excitations
on these particles leads to propagating magnetic waves,
or magnons. These waves can carry both magnetiza-
tion and energy and thus may produce wireless power
transmission9–11. Specifically, we calculate the disper-
sion relations of propagating magnon waves along chains
of spherical or cylindrical YIG particles within the qua-
sistatic approximation. These calculations are analogous
to the extensive earlier work, mentioned above, on wave
propagation along chains of small metal particles, also
within the quasistatic approximation. In this latter work,
the waves are able to propagate because of the electric
dipole-dipole interactions between the plasmonic excita-
tions in the individual nanoparticles. By contrast, the
relevant interactions for the YIG particles are magnetic
dipole-dipole interactions. Here, we use the magnetic
properties of YIG, together with equations of motion de-
scribing the interactions of localized magnetic excitations
on the particles with the excitations on neighboring par-
ticles, to calculate the dispersion relations of propagat-
ing magnon waves along chains of spherical or cylindrical
YIG particles.
Recently, other types of magnon waves have been
studied theoretically at the interface between a two-
dimensional (2D) magneto-optical photonic crystal and
a regular 2D gapped photonic crystal12. These studies
show that one-way edge modes can propagate at the in-
terface and within the band gap of the bulk modes. They
also show that these edge modes are confined to within
a few lattice constants of the boundary between the two
crystals, and are thus basically one-dimensional. Work
by Khanikaev et al.13 in metallic systems containing holes
filled with the magneto-optical material Bi:YIG suggest
that the Faraday rotation angle within the material is
enhanced because of plasmonic excitations at the surface
of the magneto-optic material.
The goal of transmitting power wirelessly is, of course,
very old. In the early 20th century, Tesla14,15 attempted
to transmit power wirelessly even before the dawn of the
electrical power grid. His proposal, like many others16,17,
requires the generation of large electric fields in order
for a reasonable amount of power to be transmitted. In
order to avoid the need for large electric fields, recent
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2efforts have turned towards magnetic systems. In par-
ticular, it has been shown18 that one can use a coil of
wire, in which a current is driven at a fixed frequency, to
transmit power, via magnetic induction, to another coil
of wire a few meters away, with approximately 40% effi-
ciency. Likewise, one can transmit power using split-ring
resonators19 or many other patterned devices. In the
present work, we describe an approach which requires
only single crystals of YIG20,21, patterned as spheres or
rods and arranged in a periodic chain, in order to produce
wireless power transmission.
We turn now to the body of the paper. In Section II,
we describe the geometry of the system and derive equa-
tions for the coupled magnetic dipole moments within the
quasistatic approximation, using an approach analogous
to some earlier work1,2,5. In Section III, we write down
the propagating wave solutions for chains of spherical
or cylindrical YIG particles, and illustrate the solutions
with some numerical results. Finally, in Section IV, we
discuss the results of our calculations and provide some
concluding remarks. A short Appendix provides further
algebraic details about the calculation of the dispersion
relations for chains of YIG spheres.
II. MODEL
We will consider periodic chains of spherical or cylin-
drical YIG particles. The spacing between the centers is
denoted d, while the radius of the spheres or cylinders is
a. For both spheres and cylinders, the chains run along
the z axis, while for the cylinders, the cylinder is paral-
lel to the x axis. In all cases, we assume that d = 3a.
A cartoon image of the assumed geometries is shown in
Fig. 1.
We will be interested in periodic waves of magnetic
dipole moments traveling along the chain. As shown
elsewhere in the case of coupled electric dipole mo-
ments1,2,5,22,23, these magnetic dipole waves can be ob-
tained from coupled linear equations involving the dipole
moments on each particle within the quasistatic approx-
imation. For the electric dipole case, the dispersion re-
lations are controlled by electric dipole-dipole coupling
between plasmons centered on neighboring metallic par-
ticles. In the case of YIG particles, the dispersion re-
lations describe propagating waves of magnetic dipoles
and are generated by magnetic dipole-dipole coupling be-
tween magnetic plasmon excitations centered on neigh-
boring YIG particles. The solutions to the coupled set
of equations lead to the dispersion relations for the three
branches of propagating magnon waves.
To obtain the coupled linear equations it is convenient
to proceed using equations analogous to Eq. (9) of Ref. 5.
We assume that the chain of particles (either spheres or
cylinders) is parallel to the z axis as shown in Fig. 1.
Writing out the coupled equations explicitly, and assum-
ing, first, that the magnetic particles are spheres of radius
FIG. 1. (a) Considered geometry for a chain of YIG spheres
of radius a and separation d periodically arranged along the z
axis. (b) A chain of very long YIG rods of radius a, arranged
periodically along the z axis with separation d. In both cases,
we assume that the static magnetic field H0 and the satu-
ration magnetization Ms are parallel to one another and lie
along either the x or z axis.
a, we obtain
mn = −4pia
3
3
tˆ
∑
n′ 6=n
Gˆs(xn − xn′) ·mn′ , (1)
where mn is the magnetic dipole on the n
th sphere. If
the particles are cylinders of radius a, we find
mn = −pia2tˆ
∑
n′ 6=n
Gˆc(xn − xn′) ·mn′ , (2)
where the quantity mn is now the magnetic moment per
unit cylinder length of the nth cylinder.
In Eqs. (1) and (2) we find that Gˆs or Gˆc are related
to the Greens functions of a point charge in two or three
dimensions. Specifically, Gsij(x − x′) = ∂′i∂jGs(x − x′),
where Gs(x− x′) = −1/[4pi|x− x′|], while Gcij(x− x′) =
∂′i∂jG
c(x− x′), where Gc((x− x′) = 1/(2pi) ln(|x− x′|).
From these expressions, we find the nonzero components
of the matrices Gˆs and Gˆc to be
Gsxx(xn − xn′) = Gsyy(xn − xn′) = −
1
4pi
1
|zn − zn′ |3 (3)
and
Gszz(xn − xn′) =
1
2pi
1
|zn − zn′ |3 (4)
for the case of a spheres in vacuum, and
Gcyy = −Gczz =
1
2pi
1
|zn − z′n|2
. (5)
for the case of a cylinders in vacuum, with all other ele-
ments in both Gs or Gc equal to zero.
3The matrix tˆ is equal to
tˆ = δˆµ(Iˆ − Γˆδˆµ)−1, (6)
where
δˆµ = µˆ− Iˆ , (7)
Iˆ is the identity matrix (since we assume that the host
has permeability equal to unity) and the permeability
tensor µˆ, discussed below, depends on the orientation of
the magnetic field.
The demagnetization matrices Γˆ for spheres and cylin-
ders in vacuum are also well known24. For spheres,
Γˆ = −1
3
Iˆ (8)
while for cylinders parallel to zˆ, the nonzero elements are
Γyy = Γzz = −1
2
Γxx = 0. (9)
If the applied magnetic field H0 and the saturation
magnetization Ms are both parallel to zˆ, the permeabil-
ity tensor µˆ (in Gaussian units) takes the form25,26
µˆ =
 µ1 iµ2 0−iµ2 µ1 0
0 0 µf
 . (10)
If both H0 and Ms are parallel to xˆ, then
µˆ =
µf 0 00 µ1 iµ2
0 −iµ2 µ1
 . (11)
In both cases, for YIG, the components of the permeabil-
ity tensor µˆ are given by
µ1 = µf
(
1 +
ω0ω1
ω20 − ω2
)
(12)
and
µ2 = µf
ωω1
ω20 − ω2
, (13)
with ω0 = γ|H0| − iαω and ω1 = 4piγMs/µf . Here Ms is
the magnitude of the saturation magnetization, γ is the
gyromagnetic ratio, and α is the phenomenological damp-
ing coefficient26. For our purposes, we will assume27,28
that 4piMs = 1760 G and γ = 2.8 MHz/G and we take
α = 5.0 × 10−5. With these parameters and the equa-
tions given in Ref. 28, we calculate µf to be 1.40. We
use Gaussian units throughout this article.
The tˆ-matrices for the four cases presented here are
easily found by combining the previous equations. For
a chain of spheres along the z axis with H0‖Ms‖zˆ the
non-vanishing components of the tˆ-matrix are found to
be
txx = tyy =
µ1 − 2 + µ21 − µ22
D
txy = −tyx = 3µ2
D
tzz =
3(µf − 1)
µf + 1
(14)
where D = 13 (4 + 4µ1 + µ
2
1 − µ22).
For a chain of spheres along the z with H0‖Ms‖xˆ the
non-vanishing components of the tˆ-matrix are
txx =
3(µf − 1)
µf + 1
tyy = tzz =
µ1 − 2 + µ21 − µ22
D
tyz = −tzy = 3µ2
D
(15)
where D is the same in Eq. (14).
For a chain of cylinders along z with cylinder axes par-
allel to xˆ (see Fig. 1) with H0‖Ms‖zˆ the non-vanishing
components of the tˆ-matrix are
txx =
µ21 − 4µ1 − µ22 + 3
D1
tyy =
2(µ1 − 1)
D1
tzz =
2(µf − 1)
µf + 1
−txy = tyx = 2µ2
D1
(16)
where D1 = µ1 − 3.
Finally, for a chain of cylinders along z with cylinder
axes parallel to xˆ with H0‖Ms‖xˆ the non-vanishing com-
ponents of the tˆ-matrix are
txx = µf − 1
tyy =
−µ21 + µ22 + 2
D2
tzz =
µ21 − 4µ1 − µ22 + 3
D2
tyz = −tzy = 2µ2
D2
. (17)
where D2 =
1
2 (µ
2
1 − 2µ1 − µ22 − 3).
Having calculated the elements of the tˆ-matrices, the Gˆ
matrices, and the demagnetization matrix Γˆ, we can now
calculate the dispersion relations using Eq. (1) or (2).
4FIG. 2. The real part of the calculated dispersion relations
ω(k) of the transverse branch for a chain of YIG spheres par-
allel to zˆ, for the case H0‖Ms‖zˆ. We plot ω/(γH0) versus kd.
The dispersion relation (full line) is obtained from Eq. (20),
using the parameters txx and txy as given in Eq. (14). Only
one real solution occurs for this geometry, as described in the
appendix. The solution is symmetric about k = 0.
III. PROPAGATING WAVE SOLUTIONS FOR
SPHERICAL AND CYLINDRICAL PARTICLES
Spherical Particles
Using Eqs. (1), (3), (4), and either (14) or (15), we can
obtain dispersion relations for propagating transverse (T )
or longitudinal (L) waves for the cases H0‖Ms‖zˆ and
H0‖Ms‖xˆ. In the former case, we find that the equa-
tions for the two transverse components ofm are coupled,
leading to solutions which are left- or right-circularly po-
larized waves. The L branch is found to be independent
of k in the quasistatic approximation.
To obtain the dispersion relations for the T and L
branches, with H0‖Ms‖zˆ, we assume that mn = m0eikn.
We can then write down the matrix equation for the two
coupled T branches as
m0 =
2a3
3d3
(
txx itxy
−itxy txx
)
m0Cl3(kd). (18)
The equation for the L branch is given as
m0z = −4a
3
3d3
tzzm0zCl3(kd). (19)
In both these expressions,
Cls(z) =
∞∑
n′=1,2,...
cosn′z
n′s
is known as the Clausen function29. We have obtained
these expressions by making a change of variables to
rewrite the sum in Eq. (1) in terms of a single summand.
Since tzz is independent of ω we find that the L branch
is independent of wave number within the quasistatic ap-
proximation.
In principle the sum in the Clausen function can be
evaluated numerically, which would allow the calculation
of dispersion relations including the effects of all neigh-
bors. In practice this may be difficult, since the elements
of both the tˆ-matrix and the Clausen function are mul-
tivalued functions of ω and of kd. Hence, we will only
include only the nearest-neighbor contributions for the
remainder of this paper.
In the case of only nearest-neighbor interactions, i. e.,
including only the term n′ = 1, the equation for the T
branches simplifies to[
1− 2a
3
3d3
(
txx itxy
−itxy txx
)
cos kd
]
m0 = 0. (20)
The solutions to this equation, which are found by set-
ting the determinant of the matrix of coefficients of m0
equal to zero, give the dispersion relations for the coupled
transverse modes when the chain and magnetic field both
lie in the zˆ direction. Since the tˆ-matrix depends on the
frequency ω this equation represents an implicit relation
between ω and k for the coupled waves. In this geome-
try, as already mentioned, the two solutions are left- and
right-circularly polarized T waves. Since these T waves
have different dispersion relations, a linearly polarized T
wave will undergo a rotation as it propagates along the
chain in a manner similar to the Faraday effect in a bulk
homogeneous magnetic material30.
In Fig. 2, and all following figures, we plot the real part
of the dispersion relation for the coupled waves for the
various cases presented here. In Fig. 2 we plot the disper-
sion relations for the case H0‖Ms‖zˆ (and also the chain
parallel to zˆ) as functions of ω/(γH0), taking H0 = 1 T
and γ = 2.8 MHz/Gauss. As explained in the appendix,
only a single solution exists for the geometry considered
here and we have numerically verified that, upon chang-
ing the strength of the off-diagonal matrix element, we
find two coupled solutions for the T waves whose dis-
persion is dependent on the strength of the off-diagonal
matrix element. Therefore, the Faraday rotation angle
per unit chain length, a measure of the difference in wave
vector for circularly polarized waves, is also strongly de-
pendent on the off-diagonal element. The Faraday ro-
tation angle is4 θ(ω) = 12 (k1(ω)− k2(ω)) where k1 and
k2 are the wave numbers of the two circularly polarized
solutions at frequency ω.
Next, we consider the case where H0‖Ms‖xˆ, while the
chain of magnetic spheres is again parallel to zˆ. In this
case, the permeability tensor is given by Eq. (11) and
the tˆ-matrix has components given by Eq. (15). From
the tˆ-matrix it is clear that the T waves polarized in the
x direction are independent of k within the quasistatic
approximation, and are decoupled from waves polarized
in the y and z directions.
5FIG. 3. The real part of the calculated dispersion relations
ω/(γH0) for a periodic array of spheres parallel to zˆ with
H0‖Ms‖xˆ. We showing the coupled L and T branches as
functions of kd. The third branch (not shown) is a pure T
mode whose frequency is independent of k within the qua-
sistatic approximation. We use the same parameters as in
Fig. 2.
The coupled y and z components once again satisfy
equations of motion which are analogous to Eq. (20) but
with the permeability tensor now given by Eq. (11). As
in the previous case we can assume mn = m0e
ikn and,
considering only nearest-neighbor coupling, can obtain
the dispersion relations for the coupled y and z waves.
The matrix equation for these two components is found
to be[
1− 2a
3
3d3
cos kd
(
tyy −2ityz
−ityz −2tyy
)]
m0 = 0. (21)
Once again, we can determine the dispersion relations for
the two coupled branches by setting the determinant of
the matrix of coefficients of m0 equal to zero and solving
for k(ω).
In Fig. 3 we present the resulting dispersion relations
ω(k) for a chain of YIG spheres oriented along the zˆ axis
with H0‖Ms‖xˆ. In this geometry the two coupled L and
T wave are elliptically polarized. The frequency of the
second T branch (not shown) is independent of k within
the quasistatic approximation.
Cylindrical Particles
Next, we consider the case of cylindrical particles
whose long axes is parallel to x in a chain which is
periodically arranged parallel to z (see Fig. 1). Using
Eqs. (2), (5), (9), and either (16) or (17) we can deter-
mine the coupled equations for the dipole moments in
either of two cases: H0‖Ms‖zˆ and H0‖Ms‖xˆ. In the
former case, we find from the form of the tˆ-matrix that
the frequency of the L branch (i. e., that polarized par-
allel to zˆ), is independent of k while the two T branches,
which are parallel to the x and y axes, are coupled. The
equation for these two coupled branches can be written
as
m0 =
a2
d2
(
0 itxy
0 −tyy
)
m0Cl2(kd), (22)
or, if we include only nearest-neighbor interactions, i.e.
n′ = 1,
m0 =
a2
d2
(
0 itxy
0 −tyy
)
m0 cos kd. (23)
We may write out Eq. (23) as two coupled algebraic
equations: [
1 +
a2
d2
tyy(ω) cos(kd)
]
my0 = 0 (24)
and
mx0 − a
2
d2
itxy(ω) cos(kd)my0 = 0. (25)
This pair of equations may, in principle, have two solu-
tions for each k, corresponding to the two possible trans-
verse branches. We consider each in turn.
For the first solution, my0 6= 0. In that case, accord-
ing to Eq. (24), the dispersion relation is determined
by the implicit equation 1 + (a2/d2)tyy cos(kd) = 0,
since txx (and txy) depend on ω. The k-dependent po-
larization of the corresponding mode is obtained from
Eq. (25) and satisfies mx0/my0 = (a
2/d2)itxy cos(kd).
Using cos(kd) = −(d2/a2)[1/tyy], we obtain mx0/my0 =
−itxy/tyy along this branch. Using Eq. (16) for txx and
txy, we find that mx0 and my0 are pi/2 out of phase, so
this wave is elliptically polarized.
In the second solution, we take my0 = 0, so the mode
would be polarized along xˆ. Eq. (24) is then automat-
ically satisfied, provided that tyy is finite. In order for
Eq. (25) to be satisfied with my0 = 0 and mx0 6= 0, we
must have txy = ∞ as well as tyy finite. But if we con-
sider the expressions given in Eq. (16) for txy and tyy,
we find that there exists no frequency for which both
txy(ω) = ∞ and tyy(ω) is finite. Therefore, we conclude
that there is only a single propagating branch for this ge-
ometry, which is elliptically polarized, propagating along
zˆ, and described by the dispersion relation ω(k) given
implicitly by setting the quantity in square brackets in
Eq. (24) equal to zero.
In Fig. 4 we show the dispersion relation for a chain of
YIG cylinders oriented along the x axis with H0‖Ms‖zˆ.
In this geometry, and within the quasistatic approxima-
tion, as mentioned above, we find a branch elliptically
polarized in the xy plane. There is also a z-polarized (L)
mode, not shown in the figure, whose frequency is inde-
pendent of k and which is uncoupled to the xy polarized
branch.
We now consider the final case, in which the long axis of
the cylinders are aligned along the x axis and H0‖Ms‖xˆ.
6FIG. 4. The real part of the calculated frequency, ω/(γH0),
as a function of kd for the elliptically polarized T branch given
by Eq. (24) when the YIG cylinder axes is parallel to xˆ and
H0‖Ms‖zˆ.
In this case we notice from the tˆ-matrix that the x-
polarized branch, which is one of the transverse branches,
decouples from the y and z branches and has a frequency
independent of k. The remaining two branches obey, in
the nearest-neighbor approximation, the equation
m0 =
a2
d2
(−tyy ityz
ityz tzz
)
m0 cos kd. (26)
This equation can be solved by the methods described
above to give the dispersion relations of the coupled y
and z branches.
In Fig. 5 we show the dispersion relations for a chain
of YIG cylinders oriented with their long axes parallel
to the xˆ axis with H0‖Ms‖xˆ. In this geometry the cou-
pled L and T waves are elliptically polarized. The third
branch, which is a T branch, polarized parallel to xˆ, is
independent of wave number within the quasistatic ap-
proximation and is not plotted in the figure.
IV. DISCUSSION
While we show numerical results only for nearest-
neighbor interactions, we have found numerically that
including further neighbors does not qualitatively change
these results. We do not show these numerical results in
the paper, but have presented the relevant formal ex-
pressions in Eqs. (18) and (19). We also note that the
spacing between the particles in our calculations was cho-
sen to limit the effects of higher-order dipole moments.
If the particles are spaced closer together than about
a/d = 1/3, one must consider additional contributions
from magnetic quadrupole and higher modes. If these
were included, the dispersion relations would quantita-
tively change, but the qualitative results would remain
similar for the lowest bands. We have also shown that
FIG. 5. The real part of the calculated frequencies, ω/(γH0),
for the coupled L and T modes as functions of kd when the
axis of the YIG cylinders is parallel to xˆ and H0‖Ms‖xˆ.
there are usually several branches of magnon waves with
dispersion relations that depend on the external magnetic
field magnitude and orientation. These waves propagate
along the chain with different polarization- and wave-
number-dependent group velocities.
As mentioned earlier, these magnon waves will trans-
mit power along the chains. The energy density is pro-
portional to the square of the absolute wave amplitude,
and the transmitted power is therefore equal to the en-
ergy density multiplied by the group velocity of the wave.
The group velocity vgn(k) of the n
th polarization can be
computed from the dispersion relation via the relation
vng(k) = dωn(k)/dk. Just as for plasmonic waves on
metallic particle chains, the transmitted power can be
controlled by introducing geometries such as T-junctions,
which allow the power to be split into two parts with rel-
ative magnitudes depending on frequency2. The calcula-
tions of the splitting will be more complicated, however,
because the waves may be circularly or elliptically po-
larized. Similarly, one can calculate the magnetization
current due to these waves.
The dispersion relations of magnons on chains of either
spheres or cylinders calculated here include the effects of
Gilbert damping to describe the relaxation of the mag-
netic moments within each particle. Additionally, one
could also include the effects of a magnetic torque, which
would further couple the three polarization modes, or one
could include the effects of crystalline anisotropy or de-
magnetization fields. Since both crystalline anisotropy
and demagnetization fields are frequency independent
they would directly affect the permeability matrix ele-
ments µ1 and µ2
25. Therefore, the effects of these terms
will quantitatively change the dispersion relations cal-
culated here, but will not affect the qualitative results.
In addition, since the crystal anisotropy is a sensitive
function of temperature25 one can modify the dispersion
relations for different polarizations in a controllable man-
ner by varying the temperature. It should also be pos-
7sible to include effects beyond the quasistatic approxi-
mation by extending the approach of Weber and Ford8
to magnon waves propagating via magnetic dipole-dipole
interactions.
To summarize, we have calculated the dispersion rela-
tions for magnon waves propagating along chains of YIG
spheres and cylinders, in which only the quasistatic cou-
pling between magnetic dipoles is included. We found
that, depending on the orientation of the static magne-
tization and applied magnetic field relative to the chain,
these waves are either circularly, elliptically, or linearly
polarized. In the first two cases, an incident linearly po-
larized wave will undergo Faraday rotation, analogous to
that seen in bulk magnetic compounds30, and this ro-
tation can be tuned in a controllable way. These waves
also carry magnetization current (magnon current) along
the chain. Thus, it should be possible to use chains of
YIG particle to transmit power wirelelssly in a meso-
or nanoscale circuit without generation of large electric
potentials and within a diameter small compared to the
wavelength,
ACKNOWLEDGMENTS
N. P was supported by the Belgian Fonds National
de la Recherche Scientifique FNRS under grant number
PDR T.1077.15-1/7 and both authors acknowledge funds
from the Center for Emerging Materials at The Ohio
State University, an NSF MRSEC (Grant No. DMR-
1420451).
Appendix: Transverse Modes on a Chain of YIG
Spheres
For the case of a chain of spheres along the z axis with
H0‖Ms‖zˆ (see Section III) we found that the coupled
T modes propagate if the determinant of the matrix of
coefficients of m0 [Eq. (20)] vanishes. Evaluating this de-
terminant and setting it equal to zero gives the following
solutions for the two T modes in the nearest-neighbor
approximation:
2a3
3d3
cos kd =
1
txx ± txy . (A.1)
We can use Eq. (14) for the values of txx and txy to
determine the dependence of the coupled modes on the
permeability matrix elements as
1
txx ± txy =
1
3
+
1
µ1 ± µ2 − 1 . (A.2)
Furthermore, we can use Eqs. (12) and (13) to further
simplify the equations and explain why, for fixed mag-
netic field and wave vector k = kzˆ, there is only one
propagating T mode.
Substituting in Eqs. (12) and (13) into the quantity
µ1 ± µ2 we find that
µ1 ± µ2 = µf
(
1− ω1
ω ± ω0
)
(A.3)
and therefore, by combining Eqs. (A.1), (A.2), and (A.3)
we find that the dispersion relationship becomes
2a3
3d3
cos kd =
1
3
+
1
µf − 1 + µfω1ω±ω0
. (A.4)
Eq. (A.4) presents an analytic solution for the T waves.
In general, one obtains a solution for this equation by
solving for ω(k) [or k(ω)]. If we neglect damping (by tak-
ing ω0 to be real), then for a given value of k, the + and
− signs in Eq. (A.4) give two values of ω, which are equal
and opposite (i. e., one is positive and one is negative).
These solutions correspond to waves propagating with
the same frequency but with wave vectors kzˆ and −kzˆ.
Thus, for a given value of the one-dimensional vector k,
there is actually only one solution. We can also obtain
the corresponding form of the vector m0 from Eq. (20).
It is readily found that the ± solutions correspond to
m0y = ∓im0x. These solutions represent circularly po-
larized waves propagating in the +zˆ and −zˆ directions,
respectively. Thus, in summary, for each positive or neg-
ative value of k, there is one one propagating, circularly
polarized wave with frequency ω(k). If we allow ω0 to be
complex, as is actually the case, then we find that the +k
and −k solution are each damped as they travel along +zˆ
and −zˆ. In Fig. 2 we have plotted the real part of the
complex dispersion relation given by Eq. (20), using the
parameters given below Eq. (13).
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